It is demonstrated in the context of the simple one-dimensional example of a barrier in an infinite well, that highly complex behavior of the time evolution of a wave function is associated with the almost degeneracy of levels in the process of tunneling. Degenerate conditions are obtained by shifting the position of the barrier. The complexity strength depends on the number of almost degenerate levels which depend on geometrical symmetry. The presence of complex behavior is studied to establish correlation with spectral degeneracy.
In a study by Nieto et al. [7] , it was shown that tunneling in an asymmetric double well is a very sensitive function of the potential. The behavior of the development of the wave function under these conditions was not, however, discussed there.
The calculation in this work is done for a square barrier of height V = 5 and width w = x 2 − x 1 = 2 (x 1 is the left boundary of the barrier and x 2 is the right boundary;
we takeh ≡ 1, 2m ≡ 1) embedded in an infinite well of width 2l = 110 (interval (−l, l)).
In the calculation, an exact analytic expression is evaluated on the computer; there is no accumulation of error for large times, since there is no integration over time.
We first discuss the energy spectrum according to the location of the barrier. In Fig. 1 one can see the lower energy levels "almost crossing" (the levels do not cross, but can become very close to each other) at several locations of the barrier. In the middle (the position c of the center of the barrier is taken at c = 0; generally, c = 1 2 (x 1 + x 2 )) every energy level is almost degenerate. In other discrete locations, one finds almost degeneracy for every second level, every third level, and so on.
As an approximation to our model, consider two separate infinite wells with widths l + x 1 and l − x 2 . The energy levels of the two separate wells exhibit very similar behavior to that of the finite barrier, but in this case, exact degeneracy occurs, according to the geometrical configuration of the system. For x 2 = −x 1 , we have complete symmetry and all levels are degenerate. When the width of the left well is twice the width of the right well or vice versa, one obtains degeneracy for every second energy level (of three levels, two are degenerate). If the width of the left well is one third of that of the right well, every third level is degenerate, and so on. This follows from the relations
, then E n l = E nr (n l and n r are positive integers). The locations for which these degeneracies occur are : c = [(n r − n l )/(n r + n l )](l − w/2). In every n l + n r levels we have at least one degeneracy. In our model (barrier in infinite well), the behavior is very similar to the problem of separate wells for the lower energy levels (for the higher energy levels there are, in fact, no crossings); degeneracy locations are, moreover, shifted slightly forwards the center.
In order to study the tunneling process, we constructed a wave packet approximating the
from 28 or less of the first energy levels, located in the middle of the left side of the barrier (the normalization of the wave packet is approximately 0.9999). The average energy is approximately 0.1 × V . We then measured the maximum probability to be on right side of the barrier during a very long time interval (t max ∼ 2 × 5 × 10 5 ). The calculation is done for the central region of the well (from −l/5 to l/5) to avoid a phase space imbalancing effect (if the barrier is located too close to the left side, for example, the probability to be in the left side is much smaller than the probability to be in the right side, just because the available space is much less). It can be seen clearly from Fig. 2 , that just several positions (which we call RE, for resonance enhancement) allow tunneling, while in most regions the wave packet is trapped in the left side. The strongest RE is found in the center of the well where we have complete symmetry. Fig. 1 and Fig. 2 show complete correspondence; the strength of the RE's depend on the number of degenerate energy levels (Fig.2, inset) . The second strongest RE in the picture is found where the system has almost degeneracy for every fifth level (c ∼ −54/5 and c ∼ 54/5).
An additional factor that one must consider is the projection of the initial state (Gaussian wave packet) on different eigenfunctions, i.e., the coefficients of the representation. It is clear that the strength of an RE depends on the number of almost degenerate states that have a large overlap with the initial state. Thus, in order to get strong RE, there must exist at least one pair of eigenstates, |j − 1 >, |j >, which fulfill two conditions : 1) Almost degeneracy of levels (E j−1 ∼ E j ), and, 2) the scalar product of the eigenstate with the initial state is large enough (i.e., in our case, (ψ(0), φ j ) appreciable compared to unity). Condition 1 forms a general underlying symmetry of the system, while condition 2 is a requirement for the symmetry effects to be realized.
In fact, almost degeneracy of levels (condition 1), E j−1 ∼ E j , implies symmetry properties of a pair of eigenstates, |j − 1 > and |j >. Let us denote the part of the eigenfunction on the left side of the barrier as φ L , and on the right side of the barrier as φ R (for simplicity we neglect the function under the barrier, since the eigenfunctions are small in this region).
Almost degeneracy of levels and orthogonality implies that the eigenfunctions are almost the same on one side the barrier, and opposite in sign on the other side of the barrier, i.e., 
. These properties implies symmetry and antisymmetry in the central position. We conjecture that this symmetry is the essential property of the central position (c = 0).
The wave function for the main, central RE exhibits a complex behavior for the evolution.
This complexity is due to the large number of almost degenerate levels. When we measure a physical quantity, the difference between levels determines the time dependence (the time dependent phase is computed according to ∆E ij ). The very small frequency due to almost degeneracy implies a very large recurrence time. On the other hand, large energy differences are associated with short time scales. The influence of these types of frequencies can be seen in most of the results. However, this behavior does not occur for the total probability in the left side of the well as a function of time, as seen in Fig. 3a . The curves are smooth and do not reflect the influence of the short time scale. As explained before, at RE locations there exist, at least, one pair of eigenfunctions φ j−1 , φ j which are approximately the same on the left side and
). The influence of other (non-neighboring) eigenfunctions on P lef t , tend to be small. The result is a combination of periodic functions (the number of these functions corresponds to the number of pairs that fulfil the two conditions for RE), with very small frequency differences.
The transition from one side to another, when c = c 0 = 0, exhibits approximate exponential behavior for times not too short or too long (Fig. 3a) . We observe similar behavior, but less clear, in other locations that have very strong RE (locations such as, c ∼ −54/3
and c ∼ −54/2). It appears that this exponential decay is due to the behavior of a sum of periodic functions with very small different frequencies, as can be seen in Fig. 3a . After this interval of decay, P lef t enters a domain of large oscillations.
In Fig. 3a , we show also the results of the same calculation for some other RE locations.
As expected, we find a periodic (or almost periodic) behavior. The Fourier transform (Fig.   3b ) shows very strong frequency peaks that fit to the most dominant almost degenerate energy levels, and show clearly that very small frequencies dominate the motion.
The almost degeneracy of levels that produces a high level of complexity i.e., chaotic-like behavior, occurs in the presence of strong tunneling. We have observed this effect in ref.
[6]. We study here one of the most clear ways to display this connection. We compare, in In Fig. 4 the entropy defined by S(t) = − |ψ(x, t)| 2 ln |ψ(x, t)| 2 dx is computed. For 
